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Abstract
The composite quantile regression estimator is widely acknowledged for its robust-
ness and efficiency, offering a compelling alternative to both ordinary least squares and
quantile regression estimators in linear models. However, when data is not randomly
distributed across different workers in distributed settings, existing methods for com-
posite quantile regression become statistically inefficient. To address this limitation,
we present a novel one-step upgraded pilot composite quantile regression method.
Our proposed approach involves two essential steps. In the first step, we obtain a
pilot estimator by leveraging a small random sample collected from different work-
ers. Subsequently, in the second step, we perform one-step updating based on the
pilot estimator, involving the summarization of sample moment quantities on each
worker. The resulting estimator is theoretically proven to be as statistically efficient
as the composite quantile regression estimator using the entire sample, without rely-
ing on restrictive assumptions about randomness. Furthermore, the resulting estimator
inherits the robustness and efficiency advantages of the composite quantile regression
estimator, while also being computationally efficient in terms of communication cost
and storage usage. To validate the practical performance of our proposed method, we
conduct numerical studies using simulated and real data, demonstrating its effective-
ness in real-world scenarios.
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1 Introduction

1.1 Background

The swift progress in scientific and technological fields has resulted in the ongoing
production of big data from various domains, including social media, e-commerce,
and health (Gopal and Yang 2013; Battey et al. 2018; Yu et al. 2024). This “data
deluge" has resulted in data being spread across multiple servers. For instance, sen-
sor data is collected by multiple sensor nodes situated at different locations, and the
collected data is typically processed and stored using distributed systems (Li et al.
2018). Moreover, local processors operate at speeds that can be several thousand
times higher than modern network data transmission rates, making traditional cen-
tralized systems inadequate to address the challenges posed by big data (Jaggi et al.
2014). Consequently, distributed systems have emerged as a powerful solution. A dis-
tributed system is composed of interconnected computers that function as a cohesive
system through network communication. In this context, we focus on the widely used
"master-and-worker" architecture of distributed systems (e.g., Hadoop, Spark, etc.).
In this architecture, one computer functions as the master, with the others operating
as workers, and no direct communication is required among the workers. The data is
distributed across these workers, and most of the computations are performed on the
workers, with the master primarily responsible for coordinating their activities (Jordan
et al. 2018; Zhu et al. 2021; Pan et al. 2022; Wang et al. 2022, 2023).

1.2 Related works

For this “master-and-worker"-type distributed system, the primary communication
costs arise between the master and workers. In recent years, researchers have proposed
numerous distributed statistical optimizationmethods tailored specifically for this type
of distributed system. These methods can be categorized into two main categories.
The first category is known as the one-shot (OS) approach, which is alternatively
referred to as divide-and-conquer in some literature. The OS approach involves two
key steps. First, the workers independently compute local estimators in parallel using
the available data on each worker; then, the master aggregates these local estimators to
derive a global estimator through simply averaging. Numerous studies have explored
the OS versions of classical statistical methods. For instance, researchers have applied
this approach to linear regression (Zhang et al. 2013; Chang et al. 2017), generalized
linear regression (Chen and Xie 2014; Battey et al. 2018), semiparametric regression
(Zhao et al. 2016), quantile regression (Chen et al. 2019; Chen and Zhou 2020; Xu
et al. 2020; Hou et al. 2023), support vector machines (Wang et al. 2019), principal
component analysis (Fan et al. 2019), among others.

The OS estimator offers several advantageous characteristics. Firstly, it boasts
straightforward implementation in practical scenarios. Secondly, it demonstrates
highly efficient communication, necessitating just a single round of interaction
between the master and workers. Lastly, given suitable regularity conditions, it can
achieve notable statistical efficiency. However, the exceptional statistical efficiency
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of OS estimators relies on several critical conditions. To elaborate, there are three
crucial factors: (1) It requires a constraint on the number of workers, denoted as K ,
such that K = o(

√
N ), where N signifies the total sample size. (2) Simple averag-

ing often proves inadequate for nonlinear estimators. (3) The data must be randomly
distributed across different workers (Zhang et al. 2012; Rosenblatt and Nadler 2016;
Wang et al. 2017; Jordan et al. 2018; Huang and Huo 2019). In a bid to relax the
constraints mentioned earlier (particularly (1) and (2)), Shamir et al. (2014) andWang
et al. (2017) proposed the second category of approach, which is the so-called iterative
approach. This method involves several exchanges between the master and workers,
thus improving the efficiency of the resulting statistical estimator. Expanding upon this
concept, Jordan et al. (2018) proposed a communication-efficient surrogate likelihood
framework for addressing distributed statistical inference problems. Fan et al. (2021)
conducted further investigations into two accurate statistical estimators by incorporat-
ing an additional regularization term into the approximate likelihood used in Jordan
et al. (2018).

The ordinary least squares (OLS) estimator has proven to be a statistically efficient
tool for linear models characterized by Gaussian errors or other light-tailed errors.
However, it exhibits inconsistency when confronted with heavy-tailed errors and is
particularly sensitive to the presence of outliers. As an alternative to OLS, quantile
regression (QR) was introduced by Koenker (2005) and has gained recognition for its
robustness against heavy-tailed distributions and outliers. Nonetheless, it is essential
to note that the relative statistical efficiency of the QR estimator compared to the OLS
estimator can be arbitrarily small. To address the limitations of QR, Zou and Yuan
(2008) proposed composite quantile regression (CQR) as a solution for estimating
regression coefficients in traditional linear regression models. They demonstrated that
the CQR estimator is valid regardless of the error distribution and exhibits superior
estimation efficiencywhen compared to the OLS estimator. This efficiency and robust-
ness of CQR have captured the attention of researchers since its proposal. Zhao et al.
(2017) explored CQR estimation for longitudinal data. Xu et al. (2017) delved into
the CQR neural network model. More recently, Gu and Zou (2020) investigated CQR
for ultrahigh-dimensional data, with Qu et al. (2022) extending this work to ultrahigh-
dimensional heterogeneous data. Jin et al. (2023) introduced an optimal subsampling
algorithm to address the estimation challenges of CQR in massive data. These strong
theoretical properties of the CQR estimator have motivated its application to dis-
tributed big data scenarios. In recent years, researchers have explored CQR estimation
for distributed big data using both the OS approach and the iterative approach. In the
OS approach, Jiang et al. (2018) explored CQR for large-scale data in linear models.
On the other hand, for the iterative approach, Wang et al. (2021) extended CQR to
massive data using the communication-efficient surrogate likelihoodmethod in Jordan
et al. (2018).

1.3 Motivations and contributions

In the context of distributed systems, alongside communication costs, the arrange-
ment of data across the system poses another significant concern. While both OS
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approaches and iterative approaches have demonstrated practical utility, they rely on a
pivotal assumption that data is distributed randomly among distinct workers. Ideally,
data would exhibit complete randomness in its allocation across workers (Jordan et al.
2018; Fan et al. 2021; Zhu et al. 2021; Pan et al. 2022). However, real-world implemen-
tations seldom adhere to such ideal conditions, as data allocation tends to prioritize
convenience. For instance, practitioners often assign data to workers based on factors
like location or time. As a result, when data deviates from a random distribution among
workers, the estimators derived using the aforementioned methods might lose their
consistency, leading to a significant compromise in statistical efficiency. Moreover,
even though the OS approach is practically feasible for distributed CQR estimators, it
could still suffer from statistical inefficiency (Jordan et al. 2018). Hence, delving into
the CQR problem within the context of non-randomly distributed data in distributed
systems represents a captivating avenue of research. To the best of our knowledge, no
priorworks have addressed this specific aspect,making it an unexplored area deserving
of attention. Therefore, this paper introduces a novel approach named the “One-Step
Upgraded Pilot CQR Method" to efficiently tackle the challenge of CQR estimation
within a distributed system featuring non-randomly distributed large-scale data. Here,
efficiency pertains to both computational and statistical aspects. In practice, data can
be distributed across various workers in diverse convenient ways.

The proposed method comprises two fundamental steps. In the first step, a small
pilot sample of size n is randomly gathered from different workers within the dis-
tributed system and stored on the master node. Notably, n is chosen to be substantially
smaller than the total sample size N . Subsequently, a standard CQR estimator, known
as the pilot estimator, is computed on the master. Since the pilot sample is obtained
through entirely random selection, the pilot estimator demonstrates consistency. How-
ever, due to the significantly smaller size of n compared to N , the pilot estimator
lacks statistical efficiency. To further enhance the statistical efficiency, the second step
involves broadcasting the pilot estimator from the master to the workers. Leveraging
the pilot estimator and local samples, each worker calculates local sample moment
quantities. Then, the computed sample moment quantities in each worker is received
by the master with little communication cost, since they are finite dimensional vec-
tors or matrices. Finally, the master employs a one-step update process based on the
pilot estimator and the computed sample moment quantities to derive the ultimate
outcome—the one-step upgraded pilot CQR estimator. This final estimator balances
the need for improved statistical efficiency with the practical constraints of commu-
nication costs within a distributed environment.

It’s important to highlight that due to the non-smooth nature of the CQR objec-
tive function, standard Newton-Raphson-type algorithms cannot be directly applied
for one-step updates. To address this challenge, we introduce a new one-step update
approach that leverages the asymptotic expression of the CQR estimator. Notably, this
approach doesn’t rely on restrictive assumptions about randomness. We can demon-
strate that the resulting one-step upgraded pilot CQR estimator is

√
N -consistent.

Moreover, its asymptotic covariance matches that of the global estimator calculated
using the entire dataset. This result demonstrates that the resulting estimator achieves
asymptotically optimal statistical efficiency.

In summary, this paper contributes in the following ways:
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1. Novel One-Step Upgraded Pilot CQR Method: We introduce a new approach
for one-step upgraded pilot CQR estimation. The uniqueness lies in the one-step
update method, which ingeniously utilizes the asymptotic expression of the CQR
estimator. This method inherits the merits of CQR while effectively addressing
computational challenges associated with large-scale data.

2. Desirable Characteristics of the Method: The newly introduced method possesses
several favorable qualities. Firstly, in terms of communication cost and storage
usage, the method is computationally efficient. It requires only three rounds of
communication between the master and the workers, with small amounts of data
being transmitted. Secondly, the resulting estimator demonstrates statistical effi-
ciency, with its asymptotic mean squared error being equivalent to that of the
global estimator. Third, the resulting estimator is robust against data distribution
across workers, as its consistency is guaranteed even in scenarios where data are
non-randomly distributed among workers.Thirdly, the new method imposes no
limitation on the number of workers K .

3. Applicability Beyond Distributed Systems: Although tailored for distributed sys-
tems, it’s noteworthy that the proposed method can also find application in single
computers constrained by memory limitations.

The remainder of this article is organized as follows. In Sect. 2, we present the
problem statement and introduce the related methods. Section 3 provides a detailed
explanation of the proposed method, along with the related algorithm and theoretical
properties. In Sects. 4, 5, we conduct numerical experiments to validate the theoret-
ical properties. Conclusions and discussions are presented in Sect. 6. All proofs are
included in the Appendix.

2 Problem statement

2.1 Standard composite quantile regression

Let {X i ,Yi }Ni=1 denote an independent and identically distributed random sample
consisting of N observations from a linear regression model:

Yi = XT
i β + εi . (1)

Here Yi is the univariate response, X i ∈ R
p is a covariate vector, β ∈ R

p is the
unknown parameter vector, and εi is the random error. The cumulative distribution
function of εi is denoted as F(·), and its corresponding probability density function is
represented as f (·). For the remainder of this article, we assume that εi is independent
of covariates X i with E(εi ) = 0. Additionally, X i is assumed to have finite moments,
whereas Yi does not have this restriction.
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Given a single quantile level τ ∈ (0, 1), an estimator of the 100τ% quantile of Yi
in model (1) is defined as

(
b̂τ , β̂

T
τ

)
= argmin

bτ ,β

N∑
i=1

ρτ

(
Yi − bτ − XT

i β
)

,

where b̂τ is the estimator of the bτ , β̂τ is the estimator of theβ, andρτ (t) = τ t−tI(t <

0) is the check loss function, with I(·) being the indicator function. The true 100τ%
quantile of Yi given X i is XT

i β + bτ , where bτ = F−1(τ ) is the 100τ% quantile of
the distribution of the error term εi , as discussed by Koenker (2005). In this context,
it is important to note that the only regression parameter that depends on the quantile
level is the bτ , while the true β are the same for all quantiles. Motivated by the desire
to integrate information from various quantile levels, Zou and Yuan (2008) proposed
CQR method to estimate β as

(
b̂
T
CQR, β̂

T
CQR

)
= arg min

(b1,...,bM ,β)

M∑
m=1

N∑
i=1

ρτm

{
Yi − bm − XT

i β
}

, (2)

where b̂CQR = (b̂1, . . . , b̂M )T, b̂m represents the estimator for bm , bm is the τm quantile
of εi , and 0 < τ1 < τ2 < · · · < τM < 1 denote M quantile levels. Typically, for
a given positive integer M , using equally spaced quantiles at τm = m/(M + 1) for
m = 1, 2, . . . , M is recommended in Zou andYuan (2008). By integrating information
from multiple quantile levels, the CQR method achieves higher estimation efficiency
compared to single-level quantile regression, while being more robust compared to
least squares procedure.

It is worth noting that if a single computer has sufficient memory to load all the data,
Eq. (2) can be solved using a linear programming algorithm; see Zou and Yuan (2008).
However, for big data, solving the Eq. (2) is infeasible due to the limited operational
memory of one single computer. Furthermore, linear programming methods are not
well-suited for big data in a distributed system. This is primarily because existing
linear programming algorithms involve extensive inter-computer iterations, resulting
in substantial communication overhead in distributed systems. Consequently, creating
a computationally efficient approach for solving the problem (2) has become a key
focus.

2.2 Distributed composite quantile regression

Assume that N is sufficiently large that storing the data on a single computer becomes
impractical. Thus, the data must be divided among K local workers. Define S =
{1, · · · , N } and let Sk denote the set of indices for the samples held by the kth worker,
with k = 1, . . . , K . Define nk = |Sk | as the number of samples assigned to the kth
worker. It follows that S = ⋃K

k=1 Sk , with
∑K

k=1 |Sk | = N and Sk1 ∩ Sk2 = ∅ for
any k1 �= k2. The OS approach and the iterative approach are two common strategies
to deal with distributed big data.

123



Composite quantile regression for a distributed... Page 7 of 30 1

The basic idea of the OS approach is to calculate the local CQR estimator, denoted
as β̂CQR,k , on each worker by solving the optimization problem:

(
b̂
T
CQR,k, β̂

T
CQR,k

)
= arg min

b1,...,bM , β

M∑
m=1

∑
i∈Sk

ρτm

{
Yi − bm − XT

i β
}

. (3)

Subsequently, the kth worker transmits the corresponding β̂CQR,k to the master. The
master then aggregates the received local estimators and outputs the resulting OS esti-

mator, denoted as β̂
OS
CQR. This is achieved by performing a simple averaging operation:

β̂
OS
CQR = 1

K

∑K
k=1 β̂CQR,k . The OS approach exhibits minimal communication cost,

as it requires only one round of communication between the master and the workers.
Furthermore, when the data are randomly distributed among the workers, the local
CQR estimator β̂CQR,k should be

√
nk-consistent. This property ensures that the OS

estimator β̂
OS
CQR is also consistent (Zhang et al. 2012; Fan et al. 2019).

However, the OS approach has certain limitations. Firstly, the consistency of the

OS estimator β̂
OS
CQR depends on the consistency of β̂CQR,k , which in turn depends on

how the dataset is randomly distributed among the K workers. Secondly, when the
data are distributed non-randomly, the OS estimator will loss estimation efficiency.
This intuitive argument finds theoretical confirmation in Proposition 1.

Proposition 1 For each sample i ∈ Sk, X i is generated independently with mean
zero and covariance matrix E

(
X iXT

i | i ∈ Sk
) = �k . Assume all the sample sizes of

different workers are equal and K = o(
√
N ), we have

(P1.1) the covariance matrix of β̂CQR is

Var
(
β̂CQR

)
= 1

N
R

(
1

K

K∑
k=1

�k

)−1 {
1 + op(1)

}
,

where R =
∑M

m,m′=1 min(τm, τm′)(1 − max(τm, τm′))
(∑M

m f (bm)
)2 ; see (Zou and Yuan 2008).

(P1.2) the covariance matrix of β̂
OS
CQR is

Var
(
β̂
OS
CQR

)
= 1

N
R

(
1

K

K∑
k=1

�−1
k

){
1 + op(1)

}
.

Thus, we can obtain that Var
(
β̂
OS
CQR

)
− Var

(
β̂CQR

)
is a semi-positive definite

matrix, Var
(
β̂
OS
CQR

)
= Var

(
β̂CQR

) {
1 + op(1)

}
if and only if all the �ks are equal.

Furthermore, in the iterative approach, to avoid the transmission of the Hessian
matrix between the master and workers, the local Hessian matrix is usually utilized as
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a substitute for the global Hessian matrix. Consequently, it is necessary to impose the
following homogeneity assumption:

∥∥∥∥∥∥
1

nk

∑
i∈Sk

X iXT
i − 1

N

N∑
i=1

X iXT
i

∥∥∥∥∥∥
� δ → 0

where δ is a small homogeneity parameter. This assumption implies that the data
sampled from each worker should be randomly drawn from the full dataset. Failing
to satisfy this assumption, the local Hessian matrix may not adequately substitute
the global Hessian matrix, potentially resulting in statistically inefficient estimators.
(Wang et al. 2017; Jordan et al. 2018; Fan et al. 2019; Wang et al. 2022, 2023).

Both the OS method and the iterative method rely on one crucial assumption that
data is randomly distributed among different workers. However, this assumption may
be impractical in real-world scenarios, as the distribution scheme is often tailored to
various practical considerations such as time, region, and other factors. To address
this limitation, this paper aims to tackle the problem (2) in a non-randomly distributed
manner while ensuring both statistical efficiency and computational efficiency.

3 One-step upgraded pilot composite quantile regression

3.1 One-step upgraded pilot estimator

As previously mentioned, the objective of this subsection is to propose a novel
approach for standard CQR in distributed systems with non-randomly distributed
data. The proposed procedure involves two steps. In the first step, a random sample
of size n is drawn from the distributed system, called the pilot sample, where n is
much smaller than N (i.e., n 	 N ). Specifically, we begin by determining the pilot
sample sizes for each worker (i.e., ñ1, · · · , ñK ), drawing from a multinomial distribu-
tion with probabilities p = (n1/N , · · · , nK /N )T. Subsequently, we perform simple
random sampling without replacement within each worker k, selecting indexes Pk

from Sk , such that the size of each Pk is ñk . The union of all Pk is denoted as P and
represents the index set of the pilot sample. It is important to note that Pk ⊂ Sk and
P ⊂ S. The samples associatedwithPk are then transmitted from the kthworker to the
master. Given the small size of n, the communication cost associated with transferring
the pilot sample is practically acceptable. Then, the pilot sample {(X i ,Yi ), i ∈ P} can
be stored on the master and a pilot CQR estimator can be calculated by

(
b̂
T
P , β̂

T
P
)

= arg min
b1,...,bM , β

M∑
m=1

∑
i∈P

ρτm

{
Yi − bm − XT

i β
}

, (4)

where b̂P = (b̂P,1, . . . , b̂P,M )T. It is noteworthy that the β̂P is
√
n-consistent irre-

spective of how data are distributed across workers. This is because the pilot sample
is obtained through a fully random process. Although β̂P is

√
n-consistent, it is not
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statistically efficient, as an estimator that is truly statistically efficient should achieve√
N -consistent given the full dataset.
To this end, in the second step, we propose a novel one-step method to further

improve the statistical efficiency. It is worth recalling that β̂CQR, the standard CQR
estimator based on the entire sample, will be referred to as the global estimator. Under
suitable conditions, β̂CQR has been shown to be

√
N -consistent and asymptotically

normal (Koenker 2005; Zou and Yuan 2008). Specifically, denote by X the design
matrix and assume that limN→∞ 1

N XTX = C, where C is a p × p positive definite
matrix, we have that

√
N
(
β̂CQR − β

)
d→
⎡
⎣
⎛
⎝

M∑
m=1

f (bm)

⎞
⎠C

⎤
⎦

−1

z ∼ N

⎛
⎜⎝0,

⎛
⎝

M∑
m=1

f (bm)

⎞
⎠

−2

C−1�zC−1

⎞
⎟⎠

where
d→ represents convergence in distribution, z = √

NE(XT)

[
M∑

m=1

(I (εi < bm)

−τm)], �z = C

⎡
⎣

M∑
m,m′=1

min (τm, τm′) (1 − max (τm, τm′))

⎤
⎦ and f (·) is the proba-

bility density function of εi . Therefore,

√
N
(
β̂CQR − β

)
d→ N

⎛
⎜⎝0,C−1

∑M
m,m′=1 min (τk, τk′) (1 − max (τm, τm′))

(∑M
m=1 f (bm)

)2

⎞
⎟⎠ .

(5)

A more comprehensive and detailed proof can be found in (Zou and Yuan 2008).
Thus, the asymptotic expression for β̂CQR is as follows:

β̂CQR =β +
⎛
⎝

M∑
m=1

f (bm)

N∑
i=1

X i X
T
i

⎞
⎠

−1 N∑
i=1

XT
i

⎡
⎣

M∑
m=1

(I (εi < bm) − τm)

⎤
⎦ + op

(
1√
N

)
.

(6)

We then replace β in Eq. (6) with the pilot estimator β̂P and εi with ε̂i = Yi −
XT
i β̂P . Moreover, it should be noted that the error density f (·) and bm are also

generally unknown. However, we can replace f (·) with f̂ (·) = 1

N

N∑
i=1

Kh
(
ε̂i − ·).

Here Kh(·) = K (·/h)/h, K (·) is a kernel function, and h is a selected bandwidth.
Similarly, we can replace bm with b̂P,m . Consequently, we can obtain the estimation
of f (bm) by f̂ (b̂P,m) for m = 1, . . . , M . This results in the formulation of our one-

step updated pilot estimator β̂
(1)
CQR presented as follows:
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β̂
(1)
CQR = β̂P +

(
M∑

m=1

f̂ (b̂P,m)

N∑
i=1

X iXT
i

)−1

N∑
i=1

XT
i

[
M∑

m=1

(
I
(
ε̂i < b̂P,m

)
− τm

)]
. (7)

The one-step updated pilot estimator β̂
(1)
CQR shares a similar spirit with classical

one-step estimators (Fan and Chen 1999). Classical one-step estimators rely on the
assumptionof sufficient smoothness of the loss function and employ theHessianmatrix
for the one-step updated. However, the loss function for CQR is not smooth, rendering
the Hessian matrix cannot be naturally defined and computed. Furthermore, the classi-
cal one-step method is

√
N -consistent, while our pilot estimator β̂P is

√
n-consistent.

To tackle these problems, we draw inspiration from the asymptotic expressions of
CQR estimator and propose Eqs. (6, 7) as a solution. Our approach does not depend

on the use of the Hessian matrix. We can computationally confirm that β̂
(1)
CQR exhibits

both
√
N -consistent and asymptotic normality. We have also found that its asymptotic

covariance aligns with that of the global estimator β̂CQR when the conditions are met.

This important finding suggests that β̂
(1)
CQR possesses statistical efficiency. Notably,

this nice property primarily depends on the consistency of β̂P and is independent of
the data distribution across different workers.

Remark 1 (R1.1)This study employs theGaussiankernel K (x) = (2π)−1/2 exp(−x2/
2). The bandwidth is set to h = 0.9AN−1/5 as selected by Jiang et al. (2018), where
A = min{σ̂ , IQR/1.34}, with σ̂ representing the sample sd of

{
ε̂i : i ∈ P}, and IQR

referring to the interquartile range of
{
ε̂i : i ∈ P}. (R1.2)Zou andYuan (2008) recom-

mended M = 19 for linear model. Hence, we adopt the M = 19 in our study. (R1.3)

The remarkable aspect of β̂
(1)
CQR is that it exhibits desirable properties while incurring a

communication cost that is practically acceptable. Specifically, the estimation process
necessitates only three rounds of master-and-worker communications.

The detailed algorithm of the proposed estimator is described in Algorithm 1.
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Algorithm 1 One-step updated pilot composite quantile regression algorithm

• Step 1: Pilot Sampling and Estimation

1. Set the pilot sample size n.
2. Generate the pilot sample sizes assigned to workers, i.e., ñ1, · · · , ñK , from

multinomial distribution M (n, n1/N , · · · , nK /N ).
3. for k = 1, 2, · · · , K do:

1) The master broadcasts ñk to the kth worker.
2) The kth worker selects nk samples without replacement form Sk , and

denote it by Pk .
3) The kth worker transfers {(X i ,Yi ), i ∈ Pk} to the master, initiating the

first round of communication between workers and the master.
4. Compute the pilot estimator β̂P and b̂P using the pilot samples P = ∪kPk

on the master according to Equation 4. Additionally, the bandwidth h can be
calculated on the master.

• Step 2: One-Step Updating

1. The master broadcasts β̂P , b̂P , M = 19, τm and h to each worker. This marks
the second phase of communication between workers and the master.

2. for k = 1, 2, · · · , K do:
1) Based on the local samples Sk on the k worker, calculate the sample

moment quantities,
∑

i∈Sk
X iXT

i ,
∑

i∈Sk
XT
i [∑M

m=1(I (ε̂i < b̂P,m) −
τm)],∑i∈Sk

Kh(ε̂i − b̂P,m) for m = 1, 2, · · · , M .
2) Report all samplemoment quantities to themaster,marking the third phase

of communication between workers and the master.
3. The master calculates the one-step updated pilot estimator β̂

(1)
CQR using Equa-

tion 7.

3.2 Theoretical results

In this subsection, we explore the asymptotic properties of our proposed estimator

β̂
(1)
CQR.To establish these properties,we require the fulfillment of the following standard

technical conditions.

(A1) There is a p × p positive definite matrix C such that lim
n→∞

1

n
XTX = C and

lim
N→∞

1

N
XTX = C.

(A2) The random error ε has cumulative distribution function F(·) and density func-
tion f (·) with uniformly bounded first derivative, and for each p-vector u,

lim
n→∞

1

N

N∑
i=1

∫ v+XT
i u

0

√
n

[
F

(
a + t√

n

)
− F(a)

]
dt = 1

2
f (a)

(
v, uT

)[ 1 0

0 �

](
v, uT

)T
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(A3) The density function f (·) is positive and continuous at the τm-th quantile bm .

(A4) Thekernel function K (·) is symmetric about 0, and it also satisfies
∫

K 2(u)du <

∞,

∫
|u|3K (u)du < ∞. Its first derivative, K̇ (·), is also bounded.Additionally,

let the bandwidth h satisfy h = O
(
N−1/5

)
.

(A5) The pilot sample size n meets the conditions n/N 4/5 → 0 and n/
√
N → ∞.

Remark 2 Assumptions (A1) and (A2) are essential conditions for the validity of Eqs.
(5, 6). Prior studies by Zou and Yuan (2008) and Kai et al. (2010) have established the
significance of these assumptions. Assumption (A3) describes a typical requirement
for the density function in (Pan et al. 2022). Similarly, Assumption (A4) is a customary
requirement pertaining to the kernel function. Lastly, Assumption (A5) imposes a
restriction on the n. As per Assumption (A5), we understand that n needs to be much
smaller in comparison to N , specifically n/N 4/5 → 0. Additionally, Assumption (A5)
indicates that the n should not be too small, ensuring that n/

√
N → ∞. If n is defined

as [√N log N ], with [t] denoting the integer part of a real number t , Assumption (A5)
is consequently satisfied. We then have the following theorem.

The following theorem describes the asymptotic normality of β̂
(1)
CQR.

Theorem 1 Suppose that consitions (A1)–(A5) are satisfied. Then,

√
N
(
β̂

(1)
CQR − β

)
d→ N

⎛
⎜⎝0,C−1

∑M
m,m′=1 min (τk, τk′) (1 − max (τm, τm′))

(∑M
m=1 f (bm)

)2

⎞
⎟⎠ .

(8)

Refer to Appendix for the detailed proof. Based on Eqs. (5, 8), it is evident that both the

proposed estimator β̂
(1)
CQR and the global estimator β̂CQR have the same asymptotic

distribution. This indicates that β̂
(1)
CQR possesses the same asymptotic efficiency as

β̂CQR.

4 Simulation studies

In this section,we rigorously evaluate the performance of the proposedmethod through
extensive simulations.All numerical experimentswere carried out using theR software
on a desktop computer running Windows 10, equipped with an Intel I9 processor and
32 GB RAM. To ensure statistical robustness, all the simulation results are based on
500 independent replications. In accordance with the guidance provided by Zou and
Yuan (2008), we set the number of quantiles M to be 19.
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4.1 Data generation and storage strategies

Full sample {X i ,Yi }Ni=1 of size N = 105 are generated from a linear regression model

Yi = XT
i β + εi ,

with the true parameters β = (β1, β2, β3, β4, β5)
T = (−2,−1, 0, 1, 2)T. Let X i =

(Xi1, Xi2, Xi3,

Xi4, Xi5)
T is generated from a multivariate normal distribution with mean 0 and

covariance � = (
σ j1 j2

) ∈ R
5×5, where σ j1 j2 = 0.5| j1− j2| and j1, j2 = 1, . . . , 5. The

K is set to 10, 20, 50, 100, 250, respectively. Furthermore, we consider the following
four different error distributions for εi to illustrate the robustness.

Example 1: the standard normal distribution, N (0, 1).
Example 2: the Student t distribution with three degrees of freedom, t(3).
Example 3: the mixture normal distribution, 0.9N (0, 1) + 0.1N (0, 10).
Example 4: the standard Cauchy distribution, Cauchy(0,1).

For each example, we examine three distinct data storage strategies. The first strategy
stores the entire sample in a completely random manner. Conversely, the other second
strategies are to distribute data in a non-random manner.

Strategy 1 (Randomly distributed sample): All samples {X i ,Yi }Ni=1 are allocated to K
workers randomly, with each worker receiving an identical sample size, specifically
nk = [N/K ]. The pilot sample is created by drawing [n/K ] samples at random from
each worker, where [x] denotes the integer part of x .
Strategy 2 (Non-randomly distributed sample): The storage position of each observa-
tion is determined by its covariates, resulting in non-random storage of all samples.
To be specific, let us define Zi = ∑5

j=1 Xi j and Z(i) as the order statistics of Zi ,
where Z(1) < Z(2) < · · · < Z(N ). Subsequently, we assign the (i)th observation
(XT

(i),Y(i)) to the κ(i) th worker, where κ(i) = [i K/N ] + 1. The pilot sample is
created by drawing [n/K ] samples at random from each worker.
Strategy 3 (Non-randomly distributed sample): The distribution of samples across
K workers is uneven. Specifically, at each time, K random numbers are drawn
from a normal distribution N (N/K , 9N/(64K )). These numbers are then scaled
and rounded to integers, ensuring their summation equals N , representing the sam-
ple size nk on K workers. Subsequently, [n × nk/N ] samples are randomly drawn
from each worker, and these samples are concatenated to form the pilot sample.

4.2 Competing estimators and performancemetrics

For a reliable evaluation, we compare our proposed One-Step Updated Pilot Estimator

β̂
(1)
CQR (referred to as OSUPE) with the following competing estimators.

(i) The Global Estimator β̂CQR (referred to as GE) is calculated using Eq. (2).

(ii) The One-Shot Estimator β̂
OS
CQR (referred to as OSE) is proposed in Jiang et al.

(2018). Here β̂
OS
CQR = 1

K

∑K
k=1 β̂CQR,k , and β̂CQR,k is calculated using Eq. (3).
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(iii) The Communication-efficient Surrogate Likelihood Estimator (referred to as
CSLE) is proposed in Jordan et al. (2018).

(iv) The Pilot Estimator β̂P (referred to as PE) is calculated using Eq. (4).

To evaluate the accuracy of various estimators, we define the following performance
metrics. The Mean Squared Errors (denoted by MSE) are defined as

MSE(β̂) = 1

500

500∑
b=1

‖β̂(b) − β‖2,

where the ‖ · ‖ represents the Euclidean norm. Let β̂
(b)

represent a specific estimator
derived from the bth random replication. For instance, this could refer to the global
estimator β̂CQR. Furthermore, to assess the statistical efficiency of various estimators

β̂, including OSUPE, OSE, CSLE, and PE, in comparison to the global estimator
β̂CQR, the Ratio of Mean Squared Errors (denoted by RMSE) are defined as

RMSE(β̂) = MSE(β̂)

MSE(β̂CQR)
.

Considering that the global estimator β̂CQR is anticipated to have the highest estima-
tion accuracy, it is reasonable to anticipate that the RMSE will be ≥ 1 for all other
estimators. A RMSE value close to 1 indicates that the estimator in question exhibits
statistical efficiency similar to the global estimator. These metrics provide quantitative
measures to assess the accuracy of different estimators. By evaluating the MSE and
RMSE, we gain insights into the performance of each estimator.

4.3 Effect of the pilot sample size and comparison with GE

As the pilot sample size n may influence the performance of the resulting estimator,
we prioritize investigating its influence. Accordingly, we systematically tested mul-
tiple values of n in ascending order. Specifically, simulations were conducted with n
set to 500, 1000, 2000, 4000, 6000, 8000 and 10000, considering four types of error
distributions and three data storage strategies. The MSE values for our new OSUPE,
GE, and PE estimators were presented in Figs. 1, 2, 3. Notably, the results for dif-
ferent values of K exhibited similarity (The expression for OSUPE in (7) shows the
robustness to varying numbers of workers K ; this conclusion is further supported by
simulations in Sect. 4.4). For conciseness and efficient use of space, we have fixed
K = 50 for presenting the results.

Based on the analysis of Figs. 1, 2, 3, it becomes evident that theMSE values of our
method remain nearly constant when n � 2000. Consequently, it has been established
that fixing the pilot sample size at n = [√N log N ] = 3640 is the appropriate course of
action.This findingprovides valuable guidance for selectingn in practical applications,
as discussed in Remark 2.
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Fig. 1 In Strategy 1, the MSE values of PE, OSUPE and GE for different pilot sample size n with the
workers size being fixed at K = 50

Furthermore, by carefully analyzing Figs. 1, 2, 3, along with their respective
zoomed-in sections, we make a significant observation: for all experiments where
n ≥ [√N log N ], the MSE values of our OSUPE remains within a minute dif-
ference of 0.0001 compared to that of GE. This finding strongly suggests that, for
n ≥ [√N log N ], there is little to no difference between the performance of the new
estimator and the global estimator. In stark contrast, the PE exhibits notably infe-
rior performance compared to our OSUPE. This outcome aligns with our expectations
since the pilot estimator is known to be

√
n-consistent, while n is considerably smaller

than the total sample size N . These observations serve to validate the theoretical results
presented in Theorem 1.

4.4 Comparison with competing estimators

Based on the preceding discussion, we have established that when the pilot sample
size satisfies n ≥ [√N log N ], the MSE values of our new estimator remain almost
constant. Consequently, we have chosen n = [√N log N ] = 3640 to conduct a
comprehensive performance comparison between our new estimator and three other
competing estimators (PE, OSE, CSLE). Furthermore, to further explore the specific
impact of different worker numbers K on each distributed estimator, we have set K to
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Fig. 2 In Strategy 2, the MSE values of PE, OSUPE and GE for different pilot sample size n with the
workers size being fixed at K = 50

the following values: 10, 20, 50, 100, 250, and 500. The RMSE (ratio-MSE) values
of four competing estimates (PE, OSE, CSLE, OSUPE) with respect to the global
estimator are recorded in Tables 1, 2, 3.

Based on the simulation results presented in Tables 1, 2, 3, several significant con-
clusions can be drawn. Firstly, when comparing our OSUPE with OSE, we observe
that, in the case of randomly stored data (i.e., Strategy 1), both estimators perform
similarly, as evidenced by their RMSE values being exactly or approximately equal
to 1. However, when the data are not randomly distributed ( Strategies 2 and 3), our
new estimator significantly outperforms OSE. We find that the RMSE values for the
OSE exceed 1 significantly, suggesting that the OSE demonstrates considerably lower
statistical efficiency compared to the global estimator in this scenario. In contrast, our
proposed estimator consistently maintains RMSE values very close to 1, suggesting
that its statistical efficiency remains comparable to that of the global estimator. More-
over, an expected finding is that the RMSE values of the OSE increase with an increase
in the number of workers K . Conversely, our method exhibits robustness in response
to varying numbers of workers K .

Secondly, when comparing our OSUPEwith CSLE, we observe notable differences
based on different error distributions and data strategies. For Strategy 1, our OSUPE
outperforms CSLE when the errors follow the t(3) and 0.9N (0, 1) + 0.1N (0, 10)
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Fig. 3 In Strategy 3, the MSE values of PE, OSUPE and GE for different pilot sample size n with the
workers size being fixed at K = 50

distributions. Additionally, CSLE experiences breakdown when confronted with the
Cauchy error distribution. This vulnerability is attributed to CSLE being built upon
mean regression, making it sensitive to heavy-tailed distributions and outliers. How-
ever, CSLE slightly outperforms OSUPE when the error follows a standard normal
distribution. This is because composite quantile regression may sacrifice estimation
efficiency for normal random errors. Furthermore, when the data are non-randomly
distributed (Strategies 2 and 3), our new OSUPE consistently exhibits superior per-
formance to CSLE for each considered error distribution. In fact, there are instances
where CSLE fails to perform, as evidenced by excessively large RMSE values. This
limitation of CSLE can be attributed to its exclusive reliance on the local Hessian
matrix, which significantly differs from the global one and can lead to inadequate
performance in non-randomly distributed data scenarios.

Finally, it is evident that ourOSUPEconsistently outperforms thePEby a significant
margin. This outcome was anticipated, given that the PE is

√
n-consistent, whereas

the OSUPE is
√
N -consistent.

5 Real-world data application

The real dataset used in this study is extracted from the airline on-time performance
data of the 2009 ASA Data Expo. This dataset is publicly available at the fol-
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Fig. 4 Distribution of actual delays and log-transformed actual delays based on the full data

lowing link: https://community.amstat.org/jointscsg-section/dataexpo/dataexpo2009.
The full dataset includes flight arrival and departure details for all commercial flights
within the USA, spanning from October 1987 to April 2008. With a substantial total
of 123,534,969 observations and 29 variables, the dataset is quite large, amounting
to approximately 11 GB in size. The dataset has been used by Schifano et al. (2016)
to demonstrate the performance of their methods for analyzing big data. One of the
primary objectives of analyzing this dataset is to develop a model for predicting air-
line delays. Due to the excessively long computing time, we only considered the
data from the year 2007, which consists of 7, 455, 458 observations with complete
data. Following data cleaning, over 7 million observations are preserved, resulting
in N = 7, 252, 496. In Fig. 4a, we present the kernel density curve of actual arrival
delays, revealing a significant departure from the normal distribution. The distribu-
tion of actual delays exhibits pronounced heavy-tailedness and skewness. Even after
applying a log transformation to the actual arrival delays (as shown in Fig. 4b), the
heavy-tailed phenomenon persists. This observation implies that mean regression may
not be suitable for this problem. As previously mentioned, in scenarios with heavily
heavy-tailed and skewed error distributions, composite quantile regression is a robust
and efficient alternative to ordinary least squares regression and quantile regression.
This makes it a highly effective and efficient choice for data analysis.

We consider arrival delay (ArrDelay) as a continuous variable by modeling
log(ArrDelay-min(ArrDelay)+1), denoted as Y, as a linear function of other covariate
variables: X1, departure hour (rang 0 to 24); X2, the distance between airports (in
thousands of miles); X3, day/night status (1 if departure between 8 p.m. and 5 a.m.,
0 otherwise); and X4, weekend/weekday status (1 if departure occurred during the
weekend, 0 otherwise). Similar models were also established by Schifano et al. (2016)
and Jiang et al. (2018).

Assess the performance of our one-step updated pilot composite quantile regres-
sion estimator (OSUPE) and conduct a comparative analysis with the OS-based
simple averaging composite quantile regression estimators (OSE), the communication-
efficient surrogate likelihood estimator (CSLE) and the global composite quantile
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regression (GE). For the purpose of comparison, we evaluate the performance of
these estimators based on their out-of-sample prediction. The data are randomly
split into a training set (Dtrain) of size 70% × N = 5, 076, 747 and a testing set
(Dtest) of size 30% × N = 2, 175, 749. The Dtrain is further divided into K subsets
(K = 50, 100, 500, 1000), hence the sample size of K − 1 subsets is [5, 076, 747/K ]
and the remaining one is 5, 076, 747− (K − 1) × [5, 076, 747/K ]. We then estimate
the model coefficients using OSUPE, CSLE, GE, and OSE on the Dtrain, respectively.
Based on the discussion in Sect. 4, here we set the number of quantiles M = 19,
n = [√70% × N log(70% × N )]. To compare the prediction accuracy of different
estimators, we compute both the mean squared prediction error (MSE) and the mean
absolute deviation (MAD) of the predictions based on Dtest as

MSE = 1

Ntest

∑
i∈Dtest

(
Yi − Ŷi

)2
,MAD = 1

Ntest

∑
i∈Dtest

∣∣∣Yi − Ŷi
∣∣∣ ,

where Ŷi is the predicted value of Yi , and Ntest=2,175,749. Furthermore, to evaluate
the computational efficiency of the proposed estimator, we record the computing time
for different estimators. For fair comparison, we counted the average MSE (AMSE),
the average MAD (AMAD), and the average CPU time used by 100 repetitions of
each estimator. All methods were programmed using the R software and executed
on a computer with the same configuration as described in Sect. 4. All results are
reported in Table 4. After a thorough analysis of Table 4, the following conclusions
can be drawn. In terms of estimation accuracy, the AMSE and AMAD values of OSE,
CSLE, OSUOE, and the global estimator (GE) are very close, with CSLE performing
slightly less favorably. This finding is consistent with the conclusions from Sect. 4,
which suggests that these methods are statistically effective when data is randomly
distributed across different workers. Concerning computational efficiency, although
OSUOE requires three communication rounds, its time cost is comparable to that
of OSE. In summary, all of these findings validate the excellent performance of our
proposed new method and confirm the theoretical findings.

6 Conclusion

In this paper, we aim to design an effective algorithm for addressing large-scale CQR
issues. We demonstrate that the statistical effectiveness of both the one-shot method
and the iterativemethod relies on a crucial assumption: that data is assigned to different
workers in a random manner. To overcome this limitation, we propose a new one-
step upgraded pilot CQR method that not only inherits the strengths of composite
quantile regression itself but also effectively addresses the computational challenges
posed by large-scale data.Moreover, our theoretical results demonstrate its asymptotic
equivalence to the oracle global estimator, without any restrictive assumptions about
randomness. Both evaluations on simulation data and real-world data consistently
confirm the good performance of our proposed approach.
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Furthermore, there are several potential avenues for future research that warrant
exploration. Firstly, the transmission of pilot samples represents a trade-off that the
one-step upgraded pilot CQR estimator must navigate to overcome challenges arising
from non-randomness. As a result, the proposed estimator demonstrates suitability for
problems characterized by small-to-moderate dimensions. However, its application to
ultra-high-dimensional problems may prove impractical due to considerable commu-
nication costs. Therefore, investigating alternative strategies for feature selection or
screening, leveraging the proposed estimator, would be a pertinent focus of inquiry.

Secondly, while the proposed distributed CQR procedure adeptly addresses inde-
pendent big data, real-world applications often involve dependent data, such as time
series, longitudinal, or network data. Hence, adapting themethod to effectively accom-
modate dependent data poses a significant and pertinent research direction.

Thirdly, the currentmethodology centers on the linearmodel, presenting an essential
yet constrained context. Expanding the method’s applicability to nonlinear models or
semiparametric models, such as single index models, would present an intriguing and
valuable extension that warrants future exploration.

Appendix

A.1 Two Lemmas

Lemma 1 Assume that conditions (A1)–(A5) hold, it follows that f̂ (b̂P,m)− f (bm) =
Op

(
n−1/2

)
, where m = 1, 2, · · · , M.

Proof. Define Kh(x) = h−1K (x/h), and let K̇h(x) = h−2 K̇ (x/h) represent the first
derivative of Kh(x). Since ε̂i = Yi − XT

i β̂P = XT
i β + εi − XT

i β̂P and f̂ (b̂P,m) =
1

N

N∑
i=1

Kh(ε̂i − b̂P,m), using the conventional Taylor expansion, it follows that

f̂ (b̂P,m) − f (bm) =N−1
N∑
i=1

Kh

{
εi − XT

i (β̂P − β) − b̂P,m

}
− f (bm)

=N−1
N∑
i=1

{
Kh(εi − b̂P,m) − f (bm)

}

+ N−1
N∑
i=1

K̇h(εi − b̂P,m − δi )XT
i (β̂P − β)

=A1 + A2,

where δi is between 0 and XT
i (β̂P − β). We will now examine the order of A1 and

A2 individually.
Firstly, following Theorem 11.6 of Jiang (2010), we obtain the result A1 =

Op(h2) + Op(nh)−1/2. Given that h is optimally chosen as O
(
N−1/5

)
, it follows
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that the A1 is Op(N−2/5). Secondly, observe that N−1∑N
i=1 X i is of order Op(1)

and K̇ (·) is bounded as per Assumption (A3). The pilot estimator β̂P is derived from
a pilot sample of size n. Hence, under the fulfillment of Assumptions (A1) and (A2),
it can be deduced from Zou and Yuan (2008) that

√
n(β̂P −β) = Op(1) and β̂P −β

is Op
(
n−1/2

)
. Thus, it can be confirmed that A2 = Op

(
n−1/2

)
. From Assumption

(A5), we know that f̂ (b̂P,m) − f (bm) = Op
(
n−1/2

)
and the proof of Lemma 1 is

completed.

Lemma 2 Assume that (1) n2/N → ∞ and n/N → 0, as N → ∞; (2) E ‖X i‖3 <

∞. Assuming Assumption (A5) is also satisfied, then

1

N

N∑
i=1

XT
i

{
M∑

m=1

[
I (ε̂i < b̂P,m) − I (εi < bm)

]}

=
M∑

m=1

f (bm)

(
1

N

N∑
i=1

X iXT
i

)
(β̂P − β) + op(N

−1/2).

Proof. Let ḟ (·), f (·) and F(·) represent the the derivative function, the density function
of εi , and the distribution function of f (·), respectively. According to Assumption
(A3), there is a constant δ0 > 0 such that sup|x |<δ0

f (x) ≤ C f and sup|x |<δ0
| ḟ (x)| ≤

C f . To establish the lemma, let us define

Vi =XT
i

{
M∑

m=1

[
I
(
ε̂i < b̂P,m

)
− I (εi < bm)

]}

=XT
i

{
M∑

m=1

[
I
(
εi < XT

i (β̂P − β) + b̂P,m

)
− I (εi < bm)

]}
.

Write V̄ = V̄a + V̄b, where V̄ = N−1∑N
i=1 Vi , V̄a = N−1∑

i∈P Vi and V̄b =
N−1∑

i /∈P Vi . Using a technique analogous to that in the proof of (A.8) from Li et al.
(2015), we obtain n−1/2∑

i∈P Vi = Op(1), and hence,

V̄a = op(N
−1/2). (A.1-1)

Next, let us examine V̄b. Define F as the σ -field created by the {(X i ,Yi ) : i ∈
P}⋃{X i : 1 ≤ i ≤ N }. Then,

E (Vi | F) = X i

{
M∑

m=1

[
F(XT

i (β̂P − β) + b̂P,m) − F(bm)
]}

.

Utilizing Taylor expansion, and for any D > 0, it follows that E |∑M
m=1[F(‖X i‖ ·

‖β̂P − β‖ + b̂P,m) − F(bm)]| ≤ P(
√
n‖β̂P − β‖ ≥ D) + MC f E‖X i‖ · n−1/2D,
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indicating that

E

∣∣∣∣∣
M∑

m=1

[
F(‖X i‖ · ‖β̂P − β‖ + b̂P,m) − F(bm)

]∣∣∣∣∣ → 0 (A.1-2)

as n → ∞, since
√
n(β̂P − β) = Op(1). Thus, using the Taylor expansion in

conjunction with Eq. A.1-2,

E

∣∣∣∣∣N
−1/2

∑
i /∈P

Vi − E (Vi | F)

∣∣∣∣∣
2

= N − n

N
E [Vi − E (Vi | F)]2

≤ N − n

N
E ‖X i‖2

{
M∑

m=1

[
I
(
εi < XT

i (β̂P − β) + b̂P,m

)
− I (εi < bm)

]}

≤ N − n

N
E ‖X i‖3 ·

M∑
m=1

[
F(‖X i‖ · ‖β̂P − β‖ + b̂P,m) − F(bm)

]

→ 0,

as N → ∞, it follows that

V̄b = N−1
∑
i /∈P

E (Vi | F) + op
(
N−1/2

)
. (A.1-3)

Using Taylor expansion again, we derive

∣∣∣∣∣
1

N

∑
i /∈P

E (Vi | F) −
M∑

m=1

f (bm)

(
1

N

∑
i /∈P

X iXT
i

)
(β̂P − β)

∣∣∣∣∣

=Op

(
n−1

)
= op

(
N−1/2

)
,

here δ lies within the interval of 0 and XT
i (β̂P − β), which, together with Eqs. A.1-1,

A.1-3, implies that

V̄ =
M∑

m=1

f (bm)

(
1

N

∑
i /∈P

Xi X
T
i

)
(β̂P − β) + op

(
N−1/2

)
.

Since N−1∑
i∈P X iXT

i = Op(n/N ), the proof of this lemma is completed.
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A.2 Proof of Proposition 1

The results presented in Proposition 1 can be obtained through straightforward calcu-
lations. Hence, we omit the detailed derivation.

A.3 Proof of Theorem 1

To establish the conclusion of the theorem, it is enough to demonstrate that β̂CQR −
β̂

(1)
CQR = op

(
N−1/2

)
. Based on Eqs. (6), (7), we can express β̂CQR − β̂

(1)
CQR = E1 +

E2 + E3. Here,

E1 = Q

⎛
⎝ 1

N

N∑
i=1

X i X
�
i

⎞
⎠

−1
1

N

N∑
i=1

XT
i

⎧⎨
⎩

M∑
m=1

[
I (ε̂i < b̂P,m) − τm

]
⎫⎬
⎭ ,

E2 = −Q

⎛
⎝ 1

N

N∑
i=1

X i X
T
i

⎞
⎠

−1
1

N

N∑
i=1

XT
i

⎧
⎨
⎩

M∑
m=1

[
I (ε̂i < b̂P,m) − I (εi < bm)

]
⎫
⎬
⎭ ,

E3 = 1∑M
m=1 f (bm)

⎛
⎝ 1

N

N∑
i=1

X i X
T
i

⎞
⎠

−1
1

N

N∑
i=1

XT
i

⎧⎨
⎩

M∑
m=1

[
I (ε̂i < b̂P,m) − I (εi < bm)

]
⎫⎬
⎭ ,

where Q = (
∑M

m=1 f (bm))−1 − (
∑M

m=1 f (b̂P,m))−1.
Thus, to confirm the theorems conclusion, it is sufficient to show E1 = op(N−1/2),

E2 = op(N−1/2), and E3 = op(N−1/2). Let us start with E1. Utilizing Lemma 1 and
Assumption (A1), it is evident that

M∑
m=1

f (b̂P,m) −
M∑

m=1

f (bm) = Op

(
n−1/2

)
= op(1).

Furthermore, Assumption (A3) implies that
∑M

m=1 f (bm) > 0, which in turn leads to

(

M∑
m=1

f (bm))−1 −
M∑

m=1

f (b̂P,m))−1 = op(1).

According to the Central Limit Theorem, we derive

1

N

N∑
i=1

XT
i

{
M∑

m=1

[
I (ε̂i < b̂P,m) − τm

]}
= Op

(
N−1/2

)
.

Consequently, we have E1 = op
(
N−1/2

)
.
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We then analyze E2. Based on the theorem assumptions and Lemma 2, it is clear
that

1

N

N∑
i=1

XT
i

{
M∑

m=1

[
I (ε̂i < b̂P,m) − I (εi < bm)

]}

=
M∑

m=1

f (bm)

(
1

N

N∑
i=1

X iXT
i

)
(β̂P − β) + op(N

−1/2)

=Op

(
n−1/2

)
,

where the last equality is because β̂P − β = Op
(
n−1/2

)
. According to Lemma

1 and Assumption (A3), we can infer that
∑M

m=1 f (bm))−1 − ∑M
m=1 f (b̂P,m))−1 =

Op
(
n−1/2

)
. This, togetherwithAssumption (A1), implies that E2 = Op

(
n−1

)
.More-

over, according to Assumption (A5), it follows that E2 = op
(
N−1/2

)
.

Finally, we investigate E3. According to the theorem’s assumptions and Lemma 2,
it is apparent that E3 = op

(
N−1/2

)
. This completes the proof of Proposition 1.
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